BLACK-COX MODEL

LARRY, ZHIRONG LI

Black and Cox extend Merton’s model by assuming that default actually can happen before the maturity
date. Many extensions of this model called First Passage Time model by Leland (1994), Briys and de
Varenne (1997), Brigo and Tarenghi (2004). Figure 0.1 illustrates the difference between Merton’s model
and Black-Cox model in timing of the default.

Wiener process is continuous in time and composition of continuous functions is still continuous. We
assume Ag > L and the asset of the firm follows GBM, i.e., dA; = pAdt + 0 AydZ;. In case you are new to
Ito’s lemma, I will give the reason why the solution of A; is a Geometric Brownian motion here. Applying
Ito’s lemma to In A;, we can get
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FI1GURE 0.1. First Passage Model
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The first passage time 7 is defined by
T = inf{t>0]A4: <L}

() (-2
infli>0lz, = 2 2

hence

= inf{t>0|Z =a+bt}

We are interested in the distribution of the first time that a Brownian motion hits a line.

1. BROWNIAN HITTING TIMES

We can start with the distribution of the first time Brownian motion hits a level ¢ > 0, i.e., 7, =
inf {t > 0|Z; = a}. Two important techniques: Stopping times and MGF’s and Reflection Principle will be
applied.

Recall that a random time 7 is called a stopping time if we know whether or not 7 < ¢ has occurred at
time ¢. (It does not depend on the future). The optional sampling theorem extends the martingale property
to stopping times. It says if M is a martingale and 7 and o are two bounded stopping times with o < 7,
then we have the following property

M, =E [M'r |‘F0]
Why boundedness is important? We can see that, in this example, 0 =0 and 7 =7,
O:ZO#]E[ZT |f0] :E[Z‘r] :]E[a] =a

Recall the exponential martingales (it is obvious there is no drift term when applying It6’s lemma to M),
ie.,

1
M} = exp (—ZX% + AZt> A>0

dM} = XN M}dZ, My =1
Because 7 is not bounded, we need to apply a trick to use Optional Sampling Theorem. Consider 7,, =
min {7, n}, then we have
1=Mj =E[M}]
and this choice of M allows us to interchange expectation and limit operators, i.e.,
1 = Mg = lim E[M} ]
n— 00 "

= E|lim M|

n— oo

= B[]

- Blo(-Lraz)]
= o0 [ (2]
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F1GURE 2.1. Reflection Principle

With obvious change of variable, we can get
E [exp (—cT)] = exp (—a\/%)
Therefore the probability of hitting level a at some finite time

P(r<oo) = lmE exp(—ct)]
c—0
= limexp (—ax/i:)
c—0
= 1
and expectation on 7 is given by ( see this via MGF of 7)

E[r] = —%E [e™T] =0

= o (cave)
= o0

c=0
This phenomenon can be interpreted as: Z always hits a, but it might take a very long time to get there.

2. REFLECTION PRINCIPLE

Personally I love the reflection principle so much. The very famous Ballot problem can be easily solved
with this technique. If we start at Zy = 0 and 7 is the first passage time to reach some positive level a,
apparently we get

—a
< = o > = > = —_—
P(r<t)=P (()rél?i(t Zs > a) 2P (Zy > a) =29 (\/i)
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If we differentiate, we get the hitting time distribution

a a2
()= e (-5

For a < 0 case, just replace a in the above with |al, i.e.,

3. HiTTING TIME DISTRIBUTION TO A LINE

We can do the following transformation:

T = inf{t>0[Zy =a+0bt}
= inf{t>0|Z;—bt=a}
= inf{t>0|Wt:a}

where Z is a BM w.r.t. P and it suffices to find a Q such that W is a BM w.r.t. Q
Girsanov Transformation says

dQ

dP

4917 = exp <%t - bZt> = exp (*%t - bWt)

F = Mf = exp (—%t + bZt)

where W is a QQ-Brownian motion.
We can conclude that

P(r<t) = Ep[lir<y]

i 2
= Eq |[fr<yy -exp (_Zt - bWt)]

b? b?
= Eq |[{r<sy -exp (—2 t—71)—b(Wy — WT)> - exp (—27 . bWT)]

- b2
= EQ H{Tgt} + exp (—27 - bWT)]

b2
e_baE@ |:H{'r<t} - exp (—2T>:|

now we can get the density of the first hitting time to the line as the following
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Thus if we let ¢ tend to infinity, the probability of hitting the line within a finite time is
P(r < o) tg%loP(T_t)

b2
= lim e_b“E@ {H{T<t} - exp (—27')}

t—o0

b2
= e_ba]E@ [exp (—T):l
2
= e " .exp (— |al \/b7>
= exp(—ab— |ab])
In conclusion, if a¢ and b have the same sign, this probability is less than 1 otherwise it is equal to 1.
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